In this study, improved analytical models, numerical parametric explorations, and experimental characterization are presented for a mechanical inerter to bring out dependencies for dynamic mass amplification under low rates (<5 Hz) of excitation. Two common realizations of the inerter-the ball-screw and the rack-and-pinion versions-are considered. Theoretical models incorporating component inertias and sizing were developed for both versions. The dependence of the specific inertance on key design parameters is explored through simulations. Based on these simulations, a prototype rack-and-pinion inerter delivering a specific inertance above 90 was designed, fabricated, and tested under low-rate displacement and acceleration-controlled excitations. The measured specific inertance was found to display an exponential decline with an increase in excitation frequency for both cases. Deviations from predictions are attributable to the frequency dependence of internal stiffness and damping in the fabricated prototype. Using a phase-matching procedure for a representative lumped model, the internal stiffness and damping in the prototype were estimated. Examination of the phase spectra reveals an influence of the excitation frequency on the internal stiffness, damping, and consequently specific inertance. Further, based on the results of this study, design perspectives for such mechanical inerters, which are seeing increasing use in several low-frequency applications, are also presented. It is envisioned that this approach can be utilized to subsume the specific nonlinear characteristics of individual inerters into a simple yet unsimplistic model that can be used to more efficiently and accurately predict the behavior of multi-element, inerter-based systems that employ them.
Introduction
In establishing the traditional analogies between mechanical and electrical networks, the lack of the preservation of topology while transitioning from a mechanical to its equivalent electrical network was rectified by Firestone [1] by the introduction of the so-called mobility or force-current analogy. However, one drawback of this approach was that the mechanical equivalent of the ungrounded electrical capacitor was not identified. The mass, which is the mechanical equivalent of the grounded electrical capacitor, cannot represent a two-terminal device, since by definition one of its terminals is 'fixed' when its motion is described with respect to an inertial frame of reference. This issue was remedied by the introduction of a two-terminal device termed the 'inerter' by Smith [2] . The inerter is a mechanical element in which the force applied at the terminals is proportional to the difference in acceleration across them. The proportionality constant has the dimension of mass and is defined as the 'inertance' of the device. Practically, the inerter can be realized by storing energy using a flywheel within the device. The introduction of the inerter completed the force-current analogy and thereby provided an ungrounded mass element for use in mechanical networks. This has led to considerable interest in exploring their design, characteristics, and applications in recent years. and velocity is postulated as the memory-based counterpart of the inerter by Zhang et al. [39] . This so called 'mem-inerter' is found to deliver better performance than the conventional inerter under conditions of equivalence. In the context of these studies, tailoring the nonlinearity or adaptivity in inerters may prove beneficial for applications scenarios demanding frequency agile response. The ability to adapt the dynamic mass participation offered by inerters based on loading conditions could provide opportunities for novel application related to energy harvesting and vibrational transduction. Realizing designs that can deliver nonlinear inertance at the microscale could be of interest to enrich the functionalities of MEMS devices.
In this study, the focus is on the low-rate characterization of inerters in order to understand the mechanisms involved and develop a test-based model that can be used to generate design and implementation guidelines. In several scenarios, it is of interest to extract lumped parameters that are representative of component inertias and nonlinear effects arising from the assembly of components, which are to be expected in practical inerter devices so as to provide a description of the device that is easy to implement within complex multi-element dynamical systems that may employ inerters. In order to achieve this, firstly, improved analytical models incorporating component inertias and sizing are developed. Based on numerical parametric studies, a prototype inerter is designed, fabricated, and tested. The rate-dependence of the measured specific inertance is modeled using a representative lumped model based on experimental phase matching. The influence of internal stiffness and damping is investigated by examining the spectra of phase histories. Finally, conclusions and potential applications are discussed. It is envisioned that this approach can be utilized to subsume the specific nonlinear characteristics of individual inerters into a simple yet unsimplistic model that can be used to more efficiently and accurately predict the behavior of multi-element, inerter-based systems that employ them.
Modeling
Analytical models for specific inertance that include component inertias and sizing but retaining rigid body assumptions are developed for both the ball-screw and rack-and-pinion embodiments of the inerter. Firstly, detailed designs that account for functional components for both versions were created. Equations of motion were derived for these designs, and parametric studies were undertaken to extract the dependencies for specific inertance.
Analytical Expressions for Specific Inertance
Inerters are two-terminal mechanical devices that provide a force response that is proportional to the relative acceleration across their terminals. This response can be described as
where F is the force, a 1 and a 2 are the accelerations at terminals 1 and 2, respectively, and J is the proportionality constant termed 'inertance' that has the dimension of mass. The inerter can be realized in practice in several ways; prominent among these are the ball-screw and the rack-and-pinion inerters [3, 6] . Figure 1a shows the CAD model of a ball-screw inerter design, which is based on commercial off-the-shelf components. Its principal components are two ball bearings, a fly wheel, the ball-screw unit and its nut, and an external casing to house the rotary components. From a mechanical standpoint, the ball-screw version is the simpler of the two versions considered here. One end of the screw acts as the first terminal of the inerter, while the casing acts as the other. Force transmission occurs from the screw through the nut, flywheel, and bearings to the casing. Both axial and rotary dynamic balancing are easier to accomplish using the ball-screw design. A line diagram with forces and geometric parameters for the ball-screw design is shown in Figure 1b . For the purposes of this analysis, a force is assumed to be applied to terminal 1 (i.e., the screw) and terminal 2 (casing) is assumed to be encastred as shown in Figure 1b . The screw is assumed to have rotation about its axis Considering the configuration shown in Figure 1b , the equation of motion for the screw in axial direction is: (2) where is the external force applied on the screw, is the reaction force due to the nut on the screw, is the mass of the screw, and is the axial acceleration of the screw. Now, since the nut is assumed to be rigidly connected to the flywheel, the rotational equation of motion for the nut and flywheel due to the axial motion of the screw can be expressed as:
where is the reaction force due to the screw on the nut, L is the lead of the screw, is the mass moment of inertia of the nut, is the mass moment of inertia of the flywheel, and is the common angular acceleration of the nut and the flywheel. Expressing the linear acceleration of the screw in terms of the angular acceleration of the nut, one can directly note that under no-slip condition. Here, is the angular acceleration of the nut, and is the linear acceleration of the screw. Using Equations (2) and (3), and substituting the relations for the mass moment of inertia, the equation of motion for the screw can be expressed as:
where is the mass of the nut, is the mass of the flywheel, and is the radius of gyration of the flywheel. Comparing Equation (4) with Equation (1), one can rewrite Equation (4) in terms of the inertance, and the static mass of the inerter, to obtain the expression for the specific inertance for this device as:
Similarly, the detailed design for a prototype rack-and-pinion inerter is analyzed to obtain its specific inertance. While its mechanical configuration is slightly more complicated compared to the ball-screw version, it is nonetheless realizable using a limited number of commercial off-the-shelf and custom components. The CAD model for the design is shown in Figure 2a . The top and front panels are not shown in the model to reveal the internal mechanism. Components for the rack-and-pinion version include the rack and its pinion, the gear and its pinion, the flywheel, two sets of shafts and bearings, and external casing components. The load path runs from the rack, which acts as the first terminal, through the pinion to the gear, and then to the flywheel and casing. A line diagram showing Considering the configuration shown in Figure 1b , the equation of motion for the screw in axial direction is:
where F applied is the external force applied on the screw, N ns is the reaction force due to the nut on the screw, m s is the mass of the screw, and a s is the axial acceleration of the screw. Now, since the nut is assumed to be rigidly connected to the flywheel, the rotational equation of motion for the nut and flywheel due to the axial motion of the screw can be expressed as:
where N sn is the reaction force due to the screw on the nut, L is the lead of the screw, I n is the mass moment of inertia of the nut, I f is the mass moment of inertia of the flywheel, and α n is the common angular acceleration of the nut and the flywheel. Expressing the linear acceleration of the screw in terms of the angular acceleration of the nut, one can directly note that α n = 2π P a s under no-slip condition. Here, α n is the angular acceleration of the nut, and a s is the linear acceleration of the screw. Using Equations (2) and (3), and substituting the relations for the mass moment of inertia, the equation of motion for the screw can be expressed as:
where m n is the mass of the nut, m f is the mass of the flywheel, and k is the radius of gyration of the flywheel. Comparing Equation (4) with Equation (1), one can rewrite Equation (4) in terms of the inertance, J and the static mass of the inerter, M st to obtain the expression for the specific inertance for this device as:
Similarly, the detailed design for a prototype rack-and-pinion inerter is analyzed to obtain its specific inertance. While its mechanical configuration is slightly more complicated compared to the ball-screw version, it is nonetheless realizable using a limited number of commercial off-the-shelf and custom components. The CAD model for the design is shown in Figure 2a . The top and front panels are not shown in the model to reveal the internal mechanism. Components for the rack-and-pinion version include the rack and its pinion, the gear and its pinion, the flywheel, two sets of shafts and bearings, and external casing components. The load path runs from the rack, which acts as the first terminal, through the pinion to the gear, and then to the flywheel and casing. A line diagram showing the forces and geometric parameters involved is shown in Figure 2b . The effects of friction and damping from structural causes are not considered in this formulation. Under the same assumptions and constraints as before, the equation of motion for the rack in the axial (x-) direction is:
is the external force acting on the rack, is the reaction force due to the rack's pinion on the rack, is the mass of the rack and is the acceleration of the rack. Similarly, the translational force balance in the axial and vertical directions and rotational equation of motion for pinion and gear are:
where is the reaction force on the pinion in the x-direction due to the casing, is the reaction force due to the rack on the rack's pinion, is the reaction force on the gear in the y-direction due to the casing, is the radius of the rack's pinion, is the radius of the gear, is the mass moment of inertia of the rack's pinion, is the mass moment of inertia of the gear, and is the angular acceleration of the rack's pinion. It is noted that the gear and the rack's pinion are on a single shaft that is housed within the bearing on the casing walls, and therefore, the horizontal and vertical reactions provided by the casing are assumed to be distributed equally between the support locations at either end. These reaction are lumped together and described as and in the above equations. Carrying forward this process for the gear's pinion and the flywheel, the following equations are obtained:
where is the reaction on the gear's pinion in the y-direction due to the casing, is the reaction force due to the gear on the gear's pinion, is the radius of the gear's pinion, is the mass moment of inertia of the gear's pinion, is the mass moment of inertia of the flywheel, and is the angular acceleration of the gear's pinion. The accelerations can be related through the expressions, (the tangential acceleration of the rack's pinion), , (the tangential accelerations of Under the same assumptions and constraints as before, the equation of motion for the rack in the axial (x-) direction is:
Again, F applied is the external force acting on the rack, N pr is the reaction force due to the rack's pinion on the rack, m r is the mass of the rack and a r is the acceleration of the rack. Similarly, the translational force balance in the axial and vertical directions and rotational equation of motion for pinion and gear are:
where R px is the reaction force on the pinion in the x-direction due to the casing, N rp is the reaction force due to the rack on the rack's pinion, R gy is the reaction force on the gear in the y-direction due to the casing, r p is the radius of the rack's pinion, r g is the radius of the gear, I p is the mass moment of inertia of the rack's pinion, I g is the mass moment of inertia of the gear, and α p is the angular acceleration of the rack's pinion. It is noted that the gear and the rack's pinion are on a single shaft that is housed within the bearing on the casing walls, and therefore, the horizontal and vertical reactions provided by the casing are assumed to be distributed equally between the support locations at either end. These reaction are lumped together and described as R px and R gy in the above equations. Carrying forward this process for the gear's pinion and the flywheel, the following equations are obtained:
where R ny is the reaction on the gear's pinion in the y-direction due to the casing, N gn is the reaction force due to the gear on the gear's pinion, r n is the radius of the gear's pinion, I n is the mass moment of inertia of the gear's pinion, I f is the mass moment of inertia of the flywheel, and α n is the angular acceleration of the gear's pinion. The accelerations can be related through the expressions, a r = a p (the tangential acceleration of the rack's pinion), a p = α p r p , a n = a g (the tangential accelerations of gear's pinion and the gear are equal), a n = α n r n and therefore, α n = r g a p /r n r p . Here, r p is the radius of the rack's pinion,a g is the tangential acceleration of the gear, r g is the radius of the gear, a n is the acceleration of the gear's pinion, and r n is the radius of the gear's pinion. Now, incorporating the acceleration relationship into Equations (6), (9) , and (11) and substituting for the mass moment of inertias, the equation of motion for the rack is obtained as:
where m n is the mass of the gear's pinion, m f is the mass of the flywheel, k is the radius of gyration of the flywheel, m p is the mass of the rack's pinion, m g is the mass of the gear, and m r is the mass of the rack. Comparing Equation (12) with Equation (1), one can rewrite Equation (12) in terms of the inertance J and the static mass of the inerter M st to obtain the expression for the specific inertance for the rack-and-pinion inerter as:
Parametric Study
The parametric dependencies for the specific inertance of both ball-screw and rack-and-pinion inerters are explored using numerical simulations. The generation of parametric curves establishes the feasible design space and aids component selection and sizing so as to optimize specific inertance. Inspecting the expressions for specific inertance, it can easily be seen that component inertias and radii have varying degrees of influence. However, several of these are 'derived' parameters that can be further reduced to arrive at a set of independent fundamental parameters for both designs. In order to accomplish this, firstly, the component inertias are expressed in terms of its material density and volumetric dimensions. For the ball-screw inerter, the device's static mass can be expressed as a sum of component mass as M st = m s + m n + m f + m b + m c . Here, subscripts s, n, f, b, and c denote the screw, nut, flywheel, bearing, and the casing, respectively. The mass of the fasteners and other miscellaneous components are lumped with the casing. Substituting for the densities, expressions for volumes and radii of gyration, the specific inertance for the ball-screw inerter can be shown to be:
Note that in Equation (14), t n and t f represent the axial thickness for the nut and the flywheel respectively, while l s represents the axial length for the screw. It is seen that the densities for the selected components affect both the static mass as well as the mass moment of inertia terms in the inertance. Assuming that the choice of materials for components is fixed, it remains to explore the influence of the key sizing parameters, namely the radii of the flywheel and nut within the bounds of available sizing. The lead of the screw is set as the reference parameter. Other geometric parameters are assumed to be invariant in the design. Table 1 lists the base parametric setting used for the ball-screw inerter design.
A ball-screw is a device that ideally converts rotational motion to linear motion in which frictional forces are dominant and contribute to significant losses. Therefore, ball-screws can generally be inefficient under certain sizing conditions due to the phenomenon of self-locking. The self-locking condition is given by µπd < L, where µ is the coefficient of friction, d is the mean diameter of the screw, and L is the lead. When the lead is sufficiently small for a specified coefficient of friction and screw diameter, the device tends to lock up when an applied linear motion is intended to be converted to rotational motion, as in the case of an inerter. Therefore, restriction has to be placed on the choice of the lead to avoid self-locking. Assuming the coefficient of friction µ between mating surfaces as 0.3, and the diameter of screw as fixed at 4 mm, a lead of 5 mm (> µπd = 3.8 mm) is used to prevent self-locking. Figure 3 depicts the variation of specific inertance (J/M st ) for the ball-screw inerter with key sizing parameters nondimensionalized by the lead of the screw. For each parametric variation, the other parameters are retained as fixed. It is obvious that the outer radius of the flywheel has the greatest influence on specific inertance. This is explainable, since the outer radius of the flywheel influences the mass and sizing of the flywheel. A steep decline in the specific inertance is therefore observed when the outer radius of the flywheel is decreased, since the effective size of the flywheel reduces. Further, an increase in the size of the nut somewhat decreases the specific inertance. The specific inertance has an increasing dependence on the inner radius of the flywheel. The trend is nearly linear in the range explored, although the influence of the inner radius of the flywheel is lower than that of the outer radius of the flywheel. The flywheel radii influence both the mass and rotational inertia parameters, and hence have a bearing on both the specific inertance and the static mass of the device. Overall, among the key parameters, it is desirable to minimize the radius of the nut, and maximize the inner and outer radii of the flywheel for the given choice of the other fixed parameters. Under the design constraints of the components chosen, specific inertance up to about 450 is seen to be achievable through an optimal choice of key parameters. Machines 2018, 6, x FOR PEER REVIEW 8 of 23 Employing a similar procedure for the rack-and-pinion inerter, one can examine its parametric dependencies. The static mass of the rack-and-pinion inerter can be expressed in terms of its component masses as 2 . Here, the subscripts r, p, g, f and c stand for the rack, pinion, gear, flywheel and casing. As the rack's and gear's pinions are identical, a separate symbol is not introduced, but twice the mass of the rack's pinion is used. The mass of the static shafts, bearings, fasteners, and other miscellaneous components are lumped with the casing. Introducing component densities, and expressions for volumes, radius of gyration, and mass moment of inertia, the specific inertance in terms of independent fundamental parameters can be expressed as:
In Equation (15), the symbol pertains to the out-of-plane thickness for the subscripted components, while and are the length and width of the rack. Also, since the rack and gear pinions are identical, they are sized without distinction through the use of the same radius and thickness parameters. The base parametric setting for the rack-and-pinion inerter design is listed in Table 2 . Figure 4 depicts the variation of specific inertance ( / for the rack-and-pinion inerter with key sizing parameters nondimensionalized by the pitch of the rack. The design points for each parameter is depicted using the black 'X' mark, and the designed value of / is indicated on the vertical axis. Several points of interest from a design perspective are observed. A high sensitivity is observed for the radii of the (rack and gear) pinions. As the radius of the pinions is increased, the specific inertance drops drastically, which is primarily due to the decrease in the flywheel's angular velocity, but to a much lower extent due to the increase in static mass. Interestingly, the specific inertance is more or less insensitive to variation in the inner radius of the flywheel. Increasing the flywheel's inner radius causes its radius of gyration to go up, but at the same time reduces the mass of the flywheel. Specific inertance displays a nonlinear increasing dependence on the outer radius of the flywheel and the radius of the gear. These radii have a dominant influence on the rotary inertia and the gearing ratio. Overall, it is desirable to have smaller pinion radii, and a larger flywheel and gear radii within the constraints of the design. For the design space enabled by the choice of components, specific inertance in excess of 90 is achievable for the rack-and-pinion design. These parametric studies based on the analytical models and constraints provide design guidelines to help maximize the specific inertance. Employing a similar procedure for the rack-and-pinion inerter, one can examine its parametric dependencies. The static mass of the rack-and-pinion inerter can be expressed in terms of its component masses as M St = m r + 2m p + m g + m f + m c . Here, the subscripts r, p, g, f and c stand for the rack, pinion, gear, flywheel and casing. As the rack's and gear's pinions are identical, a separate symbol is not introduced, but twice the mass of the rack's pinion is used. The mass of the static shafts, bearings, fasteners, and other miscellaneous components are lumped with the casing. Introducing component densities, and expressions for volumes, radius of gyration, and mass moment of inertia, the specific inertance in terms of independent fundamental parameters can be expressed as:
In Equation (15), the symbol t pertains to the out-of-plane thickness for the subscripted components, while l r and w r are the length and width of the rack. Also, since the rack and gear pinions are identical, they are sized without distinction through the use of the same radius and thickness parameters. The base parametric setting for the rack-and-pinion inerter design is listed in Table 2 . Figure 4 depicts the variation of specific inertance (J/M st ) for the rack-and-pinion inerter with key sizing parameters nondimensionalized by the pitch of the rack. The design points for each parameter is depicted using the black 'X' mark, and the designed value of J/M st is indicated on the vertical axis. Several points of interest from a design perspective are observed. A high sensitivity is observed for the radii of the (rack and gear) pinions. As the radius of the pinions is increased, the specific inertance drops drastically, which is primarily due to the decrease in the flywheel's angular velocity, but to a much lower extent due to the increase in static mass. Interestingly, the specific inertance is more or less insensitive to variation in the inner radius of the flywheel. Increasing the flywheel's inner radius causes its radius of gyration to go up, but at the same time reduces the mass of the flywheel. Specific inertance displays a nonlinear increasing dependence on the outer radius of the flywheel and the radius of the gear. These radii have a dominant influence on the rotary inertia and the gearing ratio. Overall, it is desirable to have smaller pinion radii, and a larger flywheel and gear radii within the constraints of the design. For the design space enabled by the choice of components, specific inertance in excess of 90 is achievable for the rack-and-pinion design. These parametric studies based on the analytical models and constraints provide design guidelines to help maximize the specific inertance. 
Experimental Methods
A prototype rack-and-pinion inerter was designed and built based on the design guidelines provided by the parametric studies. A combination of commercial off-the-shelf components and custom fabricated components were used to construct the prototype. Details of the prototype fabrication and experimental setup and procedures are discussed in the ensuing sections. 
A prototype rack-and-pinion inerter was designed and built based on the design guidelines provided by the parametric studies. A combination of commercial off-the-shelf components and custom fabricated components were used to construct the prototype. Details of the prototype fabrication and experimental setup and procedures are discussed in the ensuing sections.
Test Article Fabrication
The prototype rack-and-pinion inerter that was built is shown in Figure 5a . It has a designed inertance of 180 kg and a static mass of about 2 kg, giving a specific inertance of about 90. The principal components are the rack, gear, two pinions (one each for the rack and the gear), two shafts, four bearings, a flywheel, and the casing. Except for the casing and a hub to connect the flywheel to the shaft, all of the other components are commercial off the shelf (COTS) components. The hub and parts of the casing are printed using a desktop 3D printer. The flywheel is a thick aluminum shell mounted on the hub. An acrylic sheet is used to fabricate the transparent front panel for the casing. Standard fasteners were used to assemble the casing and bolt it to the vibration isolation table during testing. Table 3 summarizes the key components and their details for the prototype inerter.
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Experimental Setup and Procedures
The experimental setup is shown in Figure 5b . The setup is built on a vibration isolation table. An electrodynamic shaker is connected to one end of the rack through a three-dimensional (3D) printed custom fixture that can house a load cell. The test article and the electrodynamic shaker are firmly mounted to the table using spacers and fasteners. Input excitations are provided to the rack (terminal-1) of the inerter using the shaker. A waveform generator and an amplifier were used for signal generation and amplification. An inline load cell with a maximum load capacity of 1000 lb and a sensitivity of 1 lb was installed between the shaker and rack. The load cell is mounted via the 3D printed fixture. Accelerations at the shaker head and on the rack are measured by a unidirectional accelerometer having a resolution of 0.01 m/s 2 .
Two different cases based on excitation type-(i) displacement-controlled and (ii) accelerationcontrolled sinusoidal excitations-are considered for testing. For the displacement-controlled case, the input excitation's displacement amplitude is controlled to be about the same for all of the excitation frequencies, whereas for the acceleration-controlled case, the input excitation's acceleration amplitude is controlled to be about the same for all of the excitation frequencies. The displacement amplitude was controlled to be between 7-8 mm for case (i), and the acceleration amplitude was 
Two different cases based on excitation type-(i) displacement-controlled and (ii) accelerationcontrolled sinusoidal excitations-are considered for testing. For the displacement-controlled case, the input excitation's displacement amplitude is controlled to be about the same for all of the excitation frequencies, whereas for the acceleration-controlled case, the input excitation's acceleration amplitude is controlled to be about the same for all of the excitation frequencies. The displacement amplitude was controlled to be between 7-8 mm for case (i), and the acceleration amplitude was controlled to be as close as possible to 3.5 m/s 2 . A custom LabVIEW interface was developed to acquire and record time-synchronized data from the load cell and accelerometers. Data acquisition begins from the rest condition, and continues until a condition of steady state is assumed to exist. Discrete single frequency excitations below 5 Hz are used for both cases. Three independent sets of data are acquired for each frequency case to check for consistency and repeatability. The results are discussed in the following section.
Results and Discussions
Firstly, the results from the two test cases-Displacement-Controlled Sinusoidal Excitation (DCSE) and Acceleration-Controlled Sinusoidal Excitation (ACSE) are presented and discussed. For each case, the experimental load and acceleration data are extracted, and the specific inertance (J/M st ) is calculated. Salient trends and mechanisms are discussed.
Displacement-Controlled Sinusoidal Excitation
Load and acceleration time histories recorded for various excitation frequencies under 5 Hz from the DCSE tests are shown in Figures 6-11 . Histories for excitation frequencies of 0.5 Hz, 1 Hz, 2 Hz, 3 Hz, 4 Hz, and 5 Hz are shown. In each case, load and acceleration measurements are time synchronous, and the history for the first 8 s from start-up is shown. For each frequency, the post start-up transient data is used to extract the average peak load and average peak acceleration in order to compute the specific inertance, J/M st , as per Equation (16) controlled to be as close as possible to 3.5 m/s 2 . A custom LabVIEW interface was developed to acquire and record time-synchronized data from the load cell and accelerometers. Data acquisition begins from the rest condition, and continues until a condition of steady state is assumed to exist. Discrete single frequency excitations below 5 Hz are used for both cases. Three independent sets of data are acquired for each frequency case to check for consistency and repeatability. The results are discussed in the following section.
Results and Discussions
Firstly, the results from the two test cases-Displacement-Controlled Sinusoidal Excitation (DCSE) and Acceleration-Controlled Sinusoidal Excitation (ACSE) are presented and discussed. For each case, the experimental load and acceleration data are extracted, and the specific inertance ( / ) is calculated. Salient trends and mechanisms are discussed.
Displacement-Controlled Sinusoidal Excitation
Load and acceleration time histories recorded for various excitation frequencies under 5 Hz from the DCSE tests are shown in Figures 6-11 . Histories for excitation frequencies of 0.5 Hz, 1 Hz, 2 Hz, 3 Hz, 4 Hz, and 5 Hz are shown. In each case, load and acceleration measurements are time synchronous, and the history for the first 8 s from start-up is shown. For each frequency, the post start-up transient data is used to extract the average peak load and average peak acceleration in order to compute the specific inertance, / , as per Equation (16) controlled to be as close as possible to 3.5 m/s 2 . A custom LabVIEW interface was developed to acquire and record time-synchronized data from the load cell and accelerometers. Data acquisition begins from the rest condition, and continues until a condition of steady state is assumed to exist. Discrete single frequency excitations below 5 Hz are used for both cases. Three independent sets of data are acquired for each frequency case to check for consistency and repeatability. The results are discussed in the following section.
Results and Discussions
Displacement-Controlled Sinusoidal Excitation
Load and acceleration time histories recorded for various excitation frequencies under 5 Hz from the DCSE tests are shown in Figures 6-11 . Histories for excitation frequencies of 0.5 Hz, 1 Hz, 2 Hz, 3 Hz, 4 Hz, and 5 Hz are shown. In each case, load and acceleration measurements are time synchronous, and the history for the first 8 s from start-up is shown. For each frequency, the post start-up transient data is used to extract the average peak load and average peak acceleration in order to compute the specific inertance, / , as per Equation (16) For each excitation frequency, three separate trials were performed. The overall maximum percentage error for the measured specific inertance between trials was under 12%. It is noted that for lower frequencies, attainment of a post-transient acceleration response takes longer time and still evinces modulations at frequencies lower than the driving frequency. Further, due to the existence of preload in the test article under a nominally zero displacement condition, an offset exists between positive and negative peaks in the load history. However, the average of the peak loads, which are more or less consistent post-transience, are used to compute the specific inertance. The specific inertance versus frequency results for DCSE are summarized in Figure 12 for each frequency; the data point represents the average value with the error bars indicating the maximum and minimum value for specific inertance from three trials. The measured specific inertance displays an exponentially decaying trend with an increase in frequency. This negative exponential fit for specific inertance under DSCE is given by:
where f is the frequency of excitation. In the high frequency limit, the specific inertance as per this model tends to zero, which is physically reasonable since as the harmonic excitation frequency is increased, large accelerations would be sensed, but the displacements would tend to diminish, whereas the load that can be applied by the external source would tend to have a finite limit. Toward the low frequency limit, extrapolating the fit yields a limiting value of 212.3 for the quasi-static case. This obviously is much higher than the frequency-invariant value of 90 that was predicted theoretically. Noting that the experimental fit includes structural effects (owing to friction and misalignment in assembly for instance), other than those arising from just the inertant mechanism considered in the theoretical model, an exaggerated quasi-static specific inertance is obtained from the experimentally calibrated model. While the trend line provides an estimation of the overall behavior in the low-frequency regime, deviations from it such as for the 1-Hz case could be attributed to internal dynamics arising from the assemblage of components. Therefore, including effects of the test article's internal structural stiffness and damping in the theoretical model is expected to improve the predictions. For each excitation frequency, three separate trials were performed. The overall maximum percentage error for the measured specific inertance between trials was under 12%. It is noted that for lower frequencies, attainment of a post-transient acceleration response takes longer time and still evinces modulations at frequencies lower than the driving frequency. Further, due to the existence of preload in the test article under a nominally zero displacement condition, an offset exists between positive and negative peaks in the load history. However, the average of the peak loads, which are more or less consistent post-transience, are used to compute the specific inertance. The specific inertance versus frequency results for DCSE are summarized in Figure 12 for each frequency; the data point represents the average value with the error bars indicating the maximum and minimum value for specific inertance from three trials. The measured specific inertance displays an exponentially decaying trend with an increase in frequency. This negative exponential fit for specific inertance under DSCE is given by:
where f is the frequency of excitation. In the high frequency limit, the specific inertance as per this model tends to zero, which is physically reasonable since as the harmonic excitation frequency is increased, large accelerations would be sensed, but the displacements would tend to diminish, whereas the load that can be applied by the external source would tend to have a finite limit. Toward the low frequency limit, extrapolating the fit yields a limiting value of 212.3 for the quasi-static case. This obviously is much higher than the frequency-invariant value of 90 that was predicted theoretically. Noting that the experimental fit includes structural effects (owing to friction and misalignment in assembly for instance), other than those arising from just the inertant mechanism considered in the theoretical model, an exaggerated quasi-static specific inertance is obtained from the experimentally calibrated model. While the trend line provides an estimation of the overall behavior in the low-frequency regime, deviations from it such as for the 1-Hz case could be attributed to internal dynamics arising from the assemblage of components. Therefore, including effects of the test article's internal structural stiffness and damping in the theoretical model is expected to improve the predictions. 
Acceleration-Controlled Sinusoidal Excitation
Load and acceleration time histories recorded for various excitation frequencies under 5 Hz from ACSE tests are shown in Figures 13-15 . Histories for excitation frequencies of 3 Hz, 4 Hz, and 5 Hz are shown. The data acquisition and analysis procedure for the ASCE case is the same as that for the DCSE case. Since the shaker is operated without feedback control, the acceleration control is coarse, and deviates from the targeted 3.5 m/s 2 more so for lower frequencies. The load offset behavior also displays similar features as those for the DSCE case. Post-transient acceleration response is achieved earlier when excitation frequency is higher. Averaged peak values are used as before to compute the specific inertance. 
Load and acceleration time histories recorded for various excitation frequencies under 5 Hz from ACSE tests are shown in Figures 13-15 . Histories for excitation frequencies of 3 Hz, 4 Hz, and 5 Hz are shown. The data acquisition and analysis procedure for the ASCE case is the same as that for the DCSE case. Since the shaker is operated without feedback control, the acceleration control is coarse, and deviates from the targeted 3.5 m/s 2 more so for lower frequencies. The load offset behavior also displays similar features as those for the DSCE case. Post-transient acceleration response is achieved earlier when excitation frequency is higher. Averaged peak values are used as before to compute the specific inertance. Specific inertance versus frequency results for ACSE are summarized in Figure 16 . While the number of data points are quite limited, the measured specific inertance could be modeled using an exponentially decaying trend with an increase in frequency as before. This negative exponential fit for specific inertance under ACSE is given by:
For the ACSE case, the specific inertance at corresponding frequencies are lower than those obtained for the DCSE case. Further, the displacements reduced from the measured acceleration are significantly smaller (2-3 mm) than those for DCSE. This could be correlated with the much higher quasi-static specific inertance (1032) obtained from the experimental model, as at very small displacements, the system is expected to operate in a different regime as far as the mechanisms for internal resistance are concerned. Specific inertance versus frequency results for ACSE are summarized in Figure 16 . While the number of data points are quite limited, the measured specific inertance could be modeled using an exponentially decaying trend with an increase in frequency as before. This negative exponential fit for specific inertance under ACSE is given by:
For the ACSE case, the specific inertance at corresponding frequencies are lower than those obtained for the DCSE case. Further, the displacements reduced from the measured acceleration are significantly smaller (2-3 mm) than those for DCSE. This could be correlated with the much higher quasi-static specific inertance (1032) obtained from the experimental model, as at very small displacements, the system is expected to operate in a different regime as far as the mechanisms for internal resistance are concerned. 
Estimation of Internal Stiffness and Damping
Since the internal stiffness and damping inherent in the fabricated test article has a significant effect on the performance, a method based on experimental phase matching was used to estimate these for a representative lumped element model. The line diagram of the representative model is shown in Figure 17 . In addition to the inerter's components, a spring with a dashpot in parallel to it connects the rack to the casing, which acts as the fixed terminal 2. Using the same procedure as for the original rack-and-pinion model, the equation of motion for this model can be derived as:
where , and are the displacement, velocity, and acceleration of the rack, respectively. Since a harmonic forcing, , is assumed, the displacement response of the rack can be expressed as: 
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where , and are the displacement, velocity, and acceleration of the rack, respectively. Since a harmonic forcing, , is assumed, the displacement response of the rack can be expressed as: Using the same procedure as for the original rack-and-pinion model, the equation of motion for this model can be derived as: u r are the displacement, velocity, and acceleration of the rack, respectively. Since a harmonic forcing, F applied = F 0 sin(ωt), is assumed, the displacement response of the rack can be expressed as: u r = U r sin(ωt + φ) (20) where U r is the displacement amplitude of the rack, and φ is the phase angle of the rack's displacement response relative to the applied harmonic force. Substituting the harmonic input and the response into Equation (19) , one can directly obtain:
Simplifying and comparing the coefficients of sin(ωt) and cos(ωt), the following two equations can be extracted.
Using Equations (22) and (23), one can solve for the internal stiffness, k, and the internal damping coefficient, c, in terms of the phase angle, φ, and the inertance, J, to obtain:
In Equations (24) and (25), F 0 , J, U r , ω, and φ are experimental input or measured parameters. The phase angle is obtained from an averaging procedure based on the time synchronous load and acceleration histories recorded from experiments. The time lag is extracted at multiple points within each cycle for each pair of histories. This lag data is converted to its corresponding phase angle data for the respective frequencies and interpolated to obtain evenly spaced phase angle data. The maximum, minimum, and average phase angle value for each case is then computed from this data. This procedure is repeated for all of the frequencies in order to obtain the phase information. Substituting for these parameters from experiments, the frequency-dependent internal stiffness and damping for the test article are estimated for both DCSE and ACSE cases. The results are shown in Figure 18 . For each case, the internal stiffness and damping coefficient computed using the average as well as the maximum and minimum phase angle values are reported. It is noted that the stiffness depends on the inertance, J, in addition to phase angle, φ, and displacement, U r , but the damping coefficient does not. This dependence on an additional derived experimental parameter results in higher magnitudes for the error in the estimates for internal stiffness. The values for ACSE are relatively smaller than those for DCSE; nonetheless, they are still comparable. For the DCSE cases, the displacement magnitudes are relatively higher than those for the ACSE cases for the same excitation frequencies, which could indicate a transition in the rate-dependence of the internal stiffness mechanism, as evidenced by the stabilization of the stiffness values in the vicinity of 20,000 N/m at higher frequencies for the DCSE. Further, for the DCSE case, both the stiffness and damping values are observed to tend toward limiting values with an increase in excitation frequency. This behavior could be correlated with a transition in the rate-dependence of the internal stiffness mechanism when the excitation frequency increases. A discrete element simulation model was set up using ABAQUS finite element software to examine the specific inertance predicted by the theoretical model based on phase estimation. The average internal stiffness and damping values are used in the simulation. Under prescribed harmonic displacement input, the simulated force and acceleration magnitudes are obtained to compute the specific inertance for each case. The comparison of the simulated and experimental specific inertance for the DCSE and ACSE cases are shown in Figure 19 . This modeling based on averaged phase estimation is found to provide very close agreement with experiments for higher frequencies. For the lowest frequencies, the deviation is larger, since the average estimate for internal damping from the phase information depicts a much larger scatter. Nonetheless, the phase matching-based estimation process for internal stiffness and damping is found to provide a simple means to calibrate the theoretical model to include the characteristic internal structural effects present in different fabricated prototypes, which could have a significant influence on its inertant performance. The extraction of the phase angle for the internal stiffness and damping estimation reveals some interesting trends that indicate the nature of the nonlinear response of the test article under low-rate excitations. Through a discrete sampling of the phase difference between the time-synchronous input loading and output acceleration data, the phase history is generated for each case, and its spectrum is examined. The spectra of these phase histories for various cases are shown in Figures 20 and 21 . A discrete element simulation model was set up using ABAQUS finite element software to examine the specific inertance predicted by the theoretical model based on phase estimation. The average internal stiffness and damping values are used in the simulation. Under prescribed harmonic displacement input, the simulated force and acceleration magnitudes are obtained to compute the specific inertance for each case. The comparison of the simulated and experimental specific inertance for the DCSE and ACSE cases are shown in Figure 19 . This modeling based on averaged phase estimation is found to provide very close agreement with experiments for higher frequencies. For the lowest frequencies, the deviation is larger, since the average estimate for internal damping from the phase information depicts a much larger scatter. Nonetheless, the phase matching-based estimation process for internal stiffness and damping is found to provide a simple means to calibrate the theoretical model to include the characteristic internal structural effects present in different fabricated prototypes, which could have a significant influence on its inertant performance. A discrete element simulation model was set up using ABAQUS finite element software to examine the specific inertance predicted by the theoretical model based on phase estimation. The average internal stiffness and damping values are used in the simulation. Under prescribed harmonic displacement input, the simulated force and acceleration magnitudes are obtained to compute the specific inertance for each case. The comparison of the simulated and experimental specific inertance for the DCSE and ACSE cases are shown in Figure 19 . This modeling based on averaged phase estimation is found to provide very close agreement with experiments for higher frequencies. For the lowest frequencies, the deviation is larger, since the average estimate for internal damping from the phase information depicts a much larger scatter. Nonetheless, the phase matching-based estimation process for internal stiffness and damping is found to provide a simple means to calibrate the theoretical model to include the characteristic internal structural effects present in different fabricated prototypes, which could have a significant influence on its inertant performance. The extraction of the phase angle for the internal stiffness and damping estimation reveals some interesting trends that indicate the nature of the nonlinear response of the test article under low-rate excitations. Through a discrete sampling of the phase difference between the time-synchronous input loading and output acceleration data, the phase history is generated for each case, and its spectrum is examined. The spectra of these phase histories for various cases are shown in Figures 20 and 21 . The extraction of the phase angle for the internal stiffness and damping estimation reveals some interesting trends that indicate the nature of the nonlinear response of the test article under low-rate excitations. Through a discrete sampling of the phase difference between the time-synchronous input loading and output acceleration data, the phase history is generated for each case, and its spectrum is examined. The spectra of these phase histories for various cases are shown in Figures 20 and 21 . Due to the nonlinearities in the test article's response, the phase difference between the force and acceleration varies with time, even when a post-transient state seems to have been achieved. However, the spectra of the phase histories show that the ultra-low frequency components (<1 Hz) do in general dominate across excitation frequencies, indicating contributions from meandering effects within the structural assembly. The phase variation is also seen to be affected directly by the excitation frequency, especially for the DCSE case, in which the displacement amplitudes are significantly higher than the ACSE case. For this case, a discernable peak is observed in the spectrum corresponding to the excitation frequency, affirming its direct contribution to the variation of phase with time. In contrast, for the ACSE, for which the displacements are much lower, the influence of the excitation frequency on the spectrum of the phase history is not seen. The ultra-low frequencies are observed to dominate. Analysis of the spectra of phase histories could provide a means to understanding the origins of the nonlinear structural effects and their characteristics in such inertant devices. Due to the nonlinearities in the test article's response, the phase difference between the force and acceleration varies with time, even when a post-transient state seems to have been achieved. However, the spectra of the phase histories show that the ultra-low frequency components (<1 Hz) do in general dominate across excitation frequencies, indicating contributions from meandering effects within the structural assembly. The phase variation is also seen to be affected directly by the excitation frequency, especially for the DCSE case, in which the displacement amplitudes are significantly higher than the ACSE case. For this case, a discernable peak is observed in the spectrum corresponding to the excitation frequency, affirming its direct contribution to the variation of phase with time. In contrast, for the ACSE, for which the displacements are much lower, the influence of the excitation frequency on the spectrum of the phase history is not seen. The ultra-low frequencies are observed to dominate. Analysis of the spectra of phase histories could provide a means to understanding the origins of the nonlinear structural effects and their characteristics in such inertant devices. 
Conclusions
Low-rate characterization of a mechanical inerter is conducted using analytical and experimental studies. Firstly, improved analytical models that account for the effects of component inertias and sizing were developed for both ball-screw and rack-and-pinion versions of the inerter. Numerical parametric studies were undertaken in order to understand the dependence of the specific inertance on key design parameters. Design guidelines for key sizing parameters were also developed. Based on these studies, a feasible design for a prototype rack-and-pinion inerter that utilizes commercial off-the-shelf and additively manufactured components was identified, and the test article was fabricated and tested. The test article had a designed inertance of 180 kg and a static mass of 2 kg. Both displacement as well as acceleration controlled sinusoidal excitation cases at low frequencies (<5 Hz) were considered. The measured specific inertance displays an exponentially decaying trend with an increase in frequency for both cases. Examining the low and high frequency limits of the experimental specific inertance reveals that the internal stiffness and damping inherent in the test article has a significant influence on it. In order to account for this in the theoretical model, a method based on experimental phase matching was used to estimate the internal stiffness and damping using a representative lumped element model. The estimated internal stiffness and damping display increasing and decreasing trends, respectively, with an increase in excitation frequency, and appear to asymptote to finite limits. The phase-matching method to estimate internal stiffness and damping provides a means to calibrate the theoretical model to include the characteristic structural effects that are unique to each prototype, thereby improving the accuracy of its predictions. 
Low-rate characterization of a mechanical inerter is conducted using analytical and experimental studies. Firstly, improved analytical models that account for the effects of component inertias and sizing were developed for both ball-screw and rack-and-pinion versions of the inerter. Numerical parametric studies were undertaken in order to understand the dependence of the specific inertance on key design parameters. Design guidelines for key sizing parameters were also developed. Based on these studies, a feasible design for a prototype rack-and-pinion inerter that utilizes commercial off-the-shelf and additively manufactured components was identified, and the test article was fabricated and tested. The test article had a designed inertance of 180 kg and a static mass of 2 kg. Both displacement as well as acceleration controlled sinusoidal excitation cases at low frequencies (<5 Hz) were considered. The measured specific inertance displays an exponentially decaying trend with an increase in frequency for both cases. Examining the low and high frequency limits of the experimental specific inertance reveals that the internal stiffness and damping inherent in the test article has a significant influence on it. In order to account for this in the theoretical model, a method based on experimental phase matching was used to estimate the internal stiffness and damping using a representative lumped element model. The estimated internal stiffness and damping display increasing and decreasing trends, respectively, with an increase in excitation frequency, and appear to asymptote to finite limits. The phase-matching method to estimate internal stiffness and damping provides a means to calibrate the theoretical model to include the characteristic structural effects that are unique to each prototype, thereby improving the accuracy of its predictions. Further, examination of the experimental phase lag between the input load and output acceleration reveals interesting trends that could indicate the nature of the nonlinearities in the test article under low-rate excitations. The spectra of phase histories show that ultra-low frequency components (<1 Hz) dominate, indicating meandering effects in the structural assembly, while component corresponding to the excitation frequency is also evident when the output displacements are significant. Analysis of the spectra of phase histories could be utilized to understand the origins of nonlinear structural effects in such inertant devices. It is envisioned that this approach can be utilized to subsume the specific nonlinear characteristics of individual inerters into a simple yet unsimplistic model that can be used to more efficiently and accurately predict the behavior of multi-element, inerter-based systems that employ them. Further, by engineering intentional nonlinear response in inerters, it could be possible to create devices that provide passive adaptive tuned mass participation. This could be of interest in potential applications related to energy harvesting, vibration isolation, and transduction or in realizing micro-scale inertance in MEMS devices where mechanical elements displaying a high yet tunable dynamic mass presence but having a low static mass are desirable.
